ABSTRACT A self-avoiding walk on an infinitely long lattice strip of finite width will asymptotically exhibit an end-toend separation proportional to the number of steps. A proof of this proposition is presented together with comments concerning an earlier attempt to deal with the matter. In addition, some unproved, yet "obvious," conjectures concerning selfavoiding walks are cited as basic propositions requiring study.
Self-avoiding random walks on lattices have been extensively used as models for flexible macromolecules, particularly for describing infinitely dilute solutions of polymers free of effects other than volume exclusion. With various embellishments and modifications, the model can be extended to deal also with concentration-and temperature-dependent properties of polymers. A considerable amount of information about such walks has been gathered from Monte Carlo methods and approximate theories. However, from a mathematical point of view, very little is known rigorously about such walks. Perhaps the only nontrivial theorem that has been proved to date is that of Hammersley and Morton (1, 2) , who showed that, if N, is the number of self-avoiding walks of n steps on a lattice, the following limit exists: lim n = In gs>O° [ 1] nor n Numerous conjectures and other concepts concerning selfavoiding walks have been set forth, many of which are probably correct, although as yet unproved.
Recently Wall et al. ( 3) considered self-avoiding random walks on two-dimensional square-lattice strips (as well as three-dimensional tubes). Such a strip consists of squares extending infinitely far in the ax direction but with only L -1 squares in the y direction, where L is the number of horizontal lines or lattice layers. Those authors then endeavored to prove that as n c0, (x2) = O(n2), [2] Statement of problem Consider a self-avoiding walk on a square lattice confined to a semi-infinite strip with 0 < x < o and 0 < y < L-1. All walks will start at x = 0 and can never move into the region x < 0. (Later on we will dispense with the semi-infinite limitation, but for the present the more restricted problem better serves our purpose.) A typical walk is illustrated by the solid line in Fig.  1 . Let s, the horizontal span of a walk, equal the largest x value reached by the walk, a number that in general will exceed the x coordinate of the end point. If n is the number of steps in the walk, then s will be subject to the relationship:
The approximate form for the lower limit of s, namely n/L, can be used provided n is large compared to L. [5] and that the mean second moment, (x2)1, was subject to the inequality
where (x2) is the mean square of the x component of the distance traversed. Careful examination of their "proof," however, discloses a deficiency, which we feel obligated to rectify. The theorem set forth by Wall et al. is correct, but the proof involved a tacit assumption that is invalid. We shall now set forth correct arguments concerning the theorem and will offer what we now believe to be a valid proof. Unhappily, this proof appears to be somewhat involved, but, considering the paucity of proved theorems relating to self-avoiding walks, we feel it is important to set forth the arguments.
Since the mean second moment for all walks, (x2), is the properly weighted average over all classes, Eq. 2 follows directly from Eq. 6, provided it is recognized that (x2) cannot grow more rapidly than n2.
The preceding argument, although attractive, is deficient in that the pairing cannot always be achieved. Consider, for example, the three configurations of Fig. 1 . By appropriate reflections across the span boundary, both the solid and the dotted lines yield the same result, indicated by the dashed line. Since the earlier "proof" rested on the assumption that each reflected walk can be uniquely paired with one and only one walk, the "proof" breaks down. The publication costs of this article were defrayed in part by page charge payment. This article must therefore be hereby marked "advertisement" in accordance with 18 U. S. C. §1734 solely to indicate this fact. 14] Proof that (x2) = 0(n2) for large n Although the earlier attempt to prove that (x2) = O(n2) for large n was faulty, the essence of that approach can nevertheless be used with appropriate modifications. Before dealing with the final theorem, however, we shall first prove a lemma that is necessary for our revised procedure. Consider a self-avoiding walk on a square lattice confined to an L layer wide strip that is infinitely long in both the positive and negative x directions. (See Fig. 2.) In general, such walks can be broken up into three parts, the end parts confined to strips of L -1 layers with the middle part still requiring a vertical spin of L layers. The cuts are made as follows. Start at an end of the walk, proceed along the path until one edge of the strip has been touched at least once and continue to the point where one more step would first touch the other edge; a cut is made at that point. A similar cut is made by starting at the other end. In the event that the whole walk does not touch both edges, the problem automatically reduces to one corresponding to a smaller L, and the inequalities to be subsequently proved will become stronger. Should the walk touch both edges but not touch one edge at least twice with an intervening touch on the other edge, then the walk need be cut only once (possibly in more than one way), to produce two pieces confined to L -1 (or fewer) layers.
For the more general case (illustrated in Fig. 2 [9]
Although the upper bound for the number of configurations given by fL in Eq. 8 increases much more rapidly than the actual numbers of configurations, its importance lies in the fact that it depends upon L, the number of layers, and not upon n, the number of steps in the walk. Eq. 8 is a statement of the lemma we sought to prove.
We shall now turn to the proof of the basic theorem. Consider a walk like that pictured in Fig. 2 
